Abstract. We analyze the two-dimensional angular momentum-energy distribution of electrons emitted from argon by short laser pulses. We identify characteristic features of both multiphoton and tunneling ionization in the partial-wave distribution for Keldysh parameters close to unity. We observe a remarkable degree of quantum-classical correspondence in the photoinization process which becomes even more pronounced after intensity averaging over the focal volume. We derive an energy-dependent cut-off for the highest angular momentum accessible within the framework of the strong-field approximation, which accurately reproduces the partial wave distributions found from solutions of the time-dependent Schrödinger equation.
Introduction
Fully differential electron spectra emitted from atoms, molecules and condensed matter by ultrashort strong few-cycle laser pulses have become available very recently [1, 2] . Extending the investigation from near-infrared (NIR, with λ = 800 nm) to mid-infrared fields (MIR, with λ = 2 to 4 µm) yielded unexpected structures at very low energies ("ionization surprises" [3, 4] ). Also for NIR, fully two-dimensional momentum maps [1, 2] displayed complex patterns featuring signatures of both multiphoton and tunneling ionization. While at high momenta remnants of above threshold ionization (ATI) peaks are visible which are a characteristic of multiphoton ionization, near threshold a pattern of angular nodes appears in the doubly-differential momentum distribution which has been both experimentally observed and theoretically analyzed [5, 6, 7, 8, 9, 10] . The origin of near-threshold structures was related [6] to the dominance of a single partial wave l 0 giving rise to an angular nodal pattern according to the Legendre polynomial ∼ [P l 0 (cos θ)] 2 . Semiclassically, a multitude of paths reach the same emission angle having nearly the same angular momentum and leads to an interference pattern in complete analogy to generalized Ramsauer-Townsend (GRT) diffraction oscillations in electron -atom (or ion) scattering [6] . The fact that the near-threshold angular distribution could be alternatively explained in terms of interferences among paths or by the deep quantum limit of a single quantum number raised conceptual questions as to the underlying quantum-classical correspondence. Recently, the study of classical-quantum correspondence was extended to MIR pulses deep into the tunneling regime showing multiple peak and interference structures into the electron energyangular momentum plane [11] .
In the present communication we explore the partial-wave distribution in the continuum or, classically, the two dimensional distribution in the energy (E) and angular momentum (L) plane for strong-field ionization of argon by few-cycle NIR pulses in the transition regime between tunneling (Keldysh parameters γ < 1) and multiphoton ionization (γ > 1), see Ref. [12] . While the two-dimensional E − L distribution is, unlike the vectorial linear momentum (p , p ⊥ ) distributions (parallel and perpendicular to the laser polarization) in general not directly observable, it nevertheless controls the multi-differential electron distribution and can provide novel insights in the ionization process. We present results of doubly differential angular momentum and energy distributions of emitted electrons by solving the time-dependent Schrödinger equation (TDSE) and performing classical-trajectory Monte-Carlo (CTMC) calculations. We explore the connection between the classical and the quantum dynamics by providing an analytic approximation of the maximum angular momentum acquired for a given (near threshold) energy. This model combines the description of tunneling ionization within the strong-field approximation (SFA) with the asymptotic propagation on perturbed Coulomb trajectories.
The present article is organized as follows. In Sec. 2, we briefly review the theoretical models employed. In Sec. 3 we present an analytical semiclassical prediction for the cut-off angular momentum L c reached in tunneling ionization. A detailed comparison between classical and quantum calculations with the semiclassical prediction is presented in Sec. 4 followed by conclusions in Sec. 5. Atomic units are used throughout unless stated elsewise.
Theoretical models

Solution of the time-dependent Schrödinger equation
The Hamiltonian of an atom interacting with a laser field within the single active electron approximation (SAE) and in the length gauge reads
where p and r are the momentum and position of the electron, respectively, V (r) is the atomic central potential, and F (t) is the time dependent external field. The linearly polarized laser field is chosen to be of the form
and zero elsewhere. In Eq. (2), ω is the laser carrier frequency, τ is the total pulse duration, F 0 the peak field, andẑ is the polarization direction. The carrier-envelope phase was chosen to be zero so that we deal with cosine-like pulses. We employ for V (r) a model potential with an asymptotic Coulomb tail ( ∼ −1/r) and a short-range potential accounting for the influence of the ionic core of Ar + reproducing the correct ionization potential I p = 15.76 eV (0.58 a.u.) and the energies of low-lying excited bound states [13] . We solve the TDSE employing the generalized pseudo-spectral method [14, 15, 16] . This method combines the discretization of the radial coordinate optimized for the Coulomb singularity with quadrature methods to allow stable long-time evolution using a split-operator method. Both the unbound as well as the bound parts of the wave function |ψ(t) can be accurately represented. Propagation of the wavefunction starts from the initial 3p ground state orbitals ϕ 3p0 since the ionization from the m = 0 orbital, aligned along the laser polarization axis, strongly dominates over m = −1, 1 in the resulting spectrum. Due to the cylindrical symmetry of the atom in a linearly polarized laser field, the magnetic quantum number is conserved during the time evolution. Once the pulse is over, the wavefunction is projected onto eigenstates |k, l of the field-free atomic Hamiltonian with positive eigenenergy E = k 2 /2 and orbital quantum number l in order to determine the transition amplitudes t i→kl . [17] . Briefly, using the ADK tunneling rates for electrons [18] the distribution of starting times t 0 for the propagation of classical trajectories following Newton's equation of motion is determined. The initial conditions for the longitudinal and perpendicular momenta at the tunnel exit are taken from Ref. [19] . The trajectory of emitted electrons in the combined laser and ionic fields is calculated using a standard fourth-order Runge-Kutta solver. The final E − L distribution is extracted by relating the outgoing trajectory onto Kepler hyperbolas for a given E and L. For mapping the classical angular momentum L to the partial-wave quantum number we use the Langer connection L = l + 1/2 which corresponds to the binning of continuously distributed L according to l ≤ L ≤ l + 1/2.
3. Semiclassical models for the partial-wave distributions 3.1. Tunneling ionization Within the semiclassical approximation to strong-field ionization in the tunneling regime, atomic ionization proceeds by tunneling through the barrier formed by the atomic potential and the interaction with the electric field, followed by the propagation in the oscillating electric field [20] . In the following, we derive an analytic estimate for the cut-off angular momentum L c (E) for this scenario that treats the tunneling ionization step within the SFA but approximately includes the effect of the asymptotic Coulomb field by linking the tunnel ionization with the motion on Kepler hyperbolae. The starting point is the SFA, which we evaluate in the semiclassical limit, the saddle-point approximation (SPA). It describes ionization in terms of quantum trajectories emerging from the tunnel barrier that start at complex ionization times t r . They are given by the solutions of the equation [21, 22, 23, 24, 25, 26] 
where I p is the ionization potential of the atom, A(t) = − t 0 dt F (t ) is the vector potential multiplied by the speed of light, and k is the final momentum of the escaping electron. In the following analytic treatment we neglect for simplicity variations of the envelope of the field, implying a continuum wave (cw), while the TDSE and CTMC calculations fully account for the envelope function of the few-cycle pulse. Eq. (3) has a pair of complex solutions per optical cycle j, t 1j =
2 ), whereκ denotes the scaled complex final momentum defined byκ = κ z + i κ 2 ρ + γ 2 , κ z and κ ρ are the cylindrical components (parallel and perpendicular to the polarization directionẑ) of the dimensionless final momentum of the electron κ = ω k/F 0 , and γ = 2I p ω/F 0 is the Keldysh parameter.
We analyze the semiclassical equations of motion within the SPA for the first saddle point
for electron emission near threshold by setting k z = k ρ = 0. Solving Newton's equations of motion on the imaginary time axis between t = t 1 and t = 0 (see Fig.  1a inset) subject to the mixed boundary conditions that the electron takes off at the nucleus (z(t 1 ) = 0) and arrives at the tunneling exit z(0) at t = 0 with zero velocity (ż(0) = 0) yields to the time-dependent projection of the electron position along the polarization axis (Fig. 1a )
where α = F 0 /ω 2 is the amplitude of the quiver oscillation. Accordingly, the z coordinate at the tunneling exit is given by Equations (4) and (5) apply to short (or zero) ranged binding potentials i.e., the Coulomb potential forming an extended atomic potential well is neglected. Tunneling starts at z(t 1 ) and after emerging at the tunneling exit at t = 0, the electron undergoes quiver oscillations with amplitude α about the center coordinate ( Fig. 1 )
= α 1 + γ 2 .
In the deep tunneling limit (γ → 0), the position of the tunneling exit [Eq. (5)] becomes
and the center coordinate for the quiver oscillation
Conversely, in the multiphoton limit (γ → ∞), the center coordinatē
becomes independent of the laser intensity. The physical significance of this limit [Eq. (9)] is, however, not obvious as it is derived from a semiclassical tunneling approach.
We link now the strong-field tunneling dynamics at small distances with the propagation in the asymptotic Coulomb field by surmising that the quiver oscillation is superimposed on a drift motion following a Kepler hyperbola with the same final momentum (see Fig. 1b ) [6, 7] . Shortrange deviations from the asymptotic Coulomb potential can be neglected for distances from the nucleus larger than the tunneling exit z(0). Semiclassically, the electron trajectories released at different times reaching the same asymptotic branch of the Kepler hyperbola interfere: the number of quiver oscillations along the Kepler orbit reaching the same asymptote is not unique thus allowing for path interferences leading to the "bouquet"-shape structure in the doubly differential momentum distribution [6, 7] . The link is made quantitative by identifying the center coordinatez after tunneling with the pericenter r min of the outgoing Kepler hyperbola in 
with Z T the asymptotic charge of the atomic potential, i.e., V (r) → −Z T /r as r → ∞ [27] . Eq. (10) applies to small kinetic energies, asz was calculated for electrons with zero kinetic energy. Considering electrons with zero final kinetic energy (at threshold), Eq. (10) becomes
For zero Keldysh parameter
1/2 emerges in agreement with the semiclassical estimate given in Ref. [6] . There, however, L SMM c was taken as estimate for the dominant angular momentum for near-threshold electrons. The present analysis suggests that Eq. (10) provides an upper limit for (semi-)classically allowed electron angular momenta, hence, partial wave l, irrespective of the atomic species provided that the long range Coulomb force dominates. In Fig. 2 , we illustrate the predictions L c (E) and L SMM c (E) for a laser frequency ω = 0.057 (λ = 800 nm) and electric field F 0 = 0.0533 (I = 10 14 W/cm 2 ). We observe that always L SMM c (E) < L c (E). The implication of Eq. (10) is that the partial wave probability p l (E) is small for l > L c (E). 
Multiphoton ionization
For the multiphoton regime (γ 1), the partial wave distribution in the continuum, p l (E) can be modelled in terms of a biassed random walk in E −l space [6, 29, 9] . Each photoabsorption event is viewed as a discrete jump between points in the E −l plane (E n , l n ) → (E n+1 = E n +ω, l n+1 = l n ± 1) with the energies corrected for the ponderomotive shift, E = nω − I p − U p , where U p = (F 0 /2ω) 2 ∝ I/ω is the ponderomotive energy and n is the number of absorbed photons [9] . Assuming a stochastic uncorrelated multi-photon process, the partial wave populations p l (E), (l = 0, 1, 2, ...) are the result of a sequence of a large number of random angular momentum changing photoabsorption processes [9] . The electron with orbital quantum number l can absorb a photon and consequently undergoes a transition l → l + 1 with a probability p + or a transition l → l − 1 with a probability p − , according to the dipole coupling and the selection rule ∆l = ±1. As photon-absorption has a propensity of populating higher angular momentum states, p + > p − , the random walk is biassed. Starting from the argon 3p state, the random walk reaches even parity states when n is odd and odd parity states when n is even. At a fixed energy E n in the continuum, either only even or only odd p l (E n ) are populated. Fig. 2 illustrates a typical partial-wave distribution in the continuum assuming that at threshold l 0 = 5, and p + = 0.8 and p − = 0.2 (see [6] ). The qualitative picture remains unchanged for different choices of p + and p − , as long as p + > p − . One characteristic feature is that the partial wave populations are suppressed for l beyond the line E(L) = ω(L − l 0 ) corresponding to ∆l = +1 transitions. On the other hand, the border line E(L) = −ω(L − l 0 ) corresponding to ∆l = −1 is not clearly observed because of the strongly asymmetric values of p + and p − used. This random walk picture is obviously an oversimplification of the multiphotoionization process, yet can still explain qualitative features seen in the full TDSE solution.
Comparison between TDSE and semiclassical models
We analyze now the partial-wave populations, p l (E) = | k, l|ψ(τ ) | 2 , extracted from the solution of the TDSE in the light of the classical and semiclassical models. The TDSE distribution for an ultrashort pulse with laser frequency ω = 0.057, peak electric field F 0 = 0.053 (I = 10 14 W/cm 2 and γ = 1.15), and total pulse duration τ = 882 (21 fs, 8.2 fs FWHM intensity) corresponding to eight full optical cycles (Fig. 3a) is remarkably well confined by the border line L c (E) [Eq. (10)] derived from the semiclassical tunnel ionization model. For a better comparison to classical calculations, the angular momentum is plotted as a continuum variable, despite its discrete nature in quantum mechanics. In order to do so, we smooth the distribution in the L component with a window function of width of the same order of the quantum discretization /DeltaL = 1. Horizontal iso-energy stripes separated by the photon energy are a clear signature of multiphoton absorption. In addition, we observe a broad structure starting at threshold from l 0 ∼ 0 to l 0 ∼ 7 and extending diagonally with slope ω, in agreement with multiphoton absorption with ∆l = 1. For example, several maxima of the distribution lie on the dotted line ∆L = 1 and other maxima follow straight lines parallel to the dotted line in Fig. 3a . Neighboring local maxima into this diagonal structure are horizontally separated by a spacing ∆l = 2 reflecting the selection rule ∆l = ±1 characteristic of the multiphoton absorption. As expected, both tunneling and multiphoton features coexist in Fig. 3 (a) with the Keldysh parameter γ = 1.15, in the transition between the tunneling and multiphoton regimes. 
a n g u l a r m o m e n t u m For a more detailed comparison between quantum and classical calculations, we have performed an intensity average over the focal volume of the laser pulse [30] . Assuming a cylindrically symmetric beam with Gaussian intensity profile and maximum intensity I 0 , the volume with intensities larger than I i is given by
with β = I 0 /I i − 1. In order to perform the intensity averaged partial-wave photoelectron distribution shown in Fig. 3b we have performed TDSE calculations for twenty one different intensities ranging from a maximum value of intensity I = 10 14 W/cm 2 to a minimum value I/4 (below this minimum value, ionization is negligible). As compared to single intensity calculations (Fig. 3a) , the fringe visibility of the ATI horizontal stripes is reduced after averaging, though signatures of both tunneling and multiphoton absorption are still evident. A finger-shape structure between the SMM and SPA predictions [Eq. (10)] of tunneling ionization can be seen. The broad stripe with slope ω characteristic for multiphoton absorption can be still observed after intensity averaging.
We have also simulated the ionization of argon within the CTMC method. As for the solution of the TDSE, we have performed an intensity average over the focal intensity distribution [Eq. (12)]. As expected, the distribution in Fig. 3c lacks signatures of interference e.g., the ATI isoenergy horizontal stripe observed in quantum calculations. However, the resemblance between classical (Fig. 3c ) and quantum distributions (Fig. 3b) is remarkable exhibiting a high degree of quantum-classical correspondence. Even the diagonal structure is present, although slightly displaced and with smaller slope. The origin of this appearance and shape in a CTMC simulation is subject to further studies. It is worth noting that the SPA angular momentum cut-off L c (E) [Eq. (10) ] closely agrees with the border of the classical energy-angular momentum distribution (Fig. 3c) . This remarkable agreement strongly supports the linking of the coordinate of the tunneling exit z(0) to the classical Kepler orbit used in Eq. (10) via the center coordinatez [Eq. (6) ] (see Fig. 1 ).
In order to analyze the near-threshold ionization in more detail, we determine the integrated partial wave probabilities p l contributing to the first ATI peak, i.e., up to the first minimum in the energy Λ [6] ,
The value of Λ can either be obtained graphically from the photoelectron spectrum or numerically from the midpoint energy between first and second ATI in the continuum, i.e., Λ = (E n + E n+1 )/2, where E n = nω − I p − U p . In the present case with Λ 0.02 a.u., the normalized partial population p l / l p l (Fig. 4) for a range of intensities varying from I = 3.2 × 10 13 W/cm 2 (F 0 = 0.03) to I = 2.25 × 10 14 W/cm 2 (F 0 = 0.08) appears irregularly fluctuating prior to intensity averaging (Fig. 4a) while conforming to the cut-off limit L c (E). Only after intensity averaging (Fig. 4b) , a smoother distribution with a dominant partial wave emerges for F 0 0.04. We also include the predicted values of L c and L SMM c [Eq. (11) ]. Both predictions approach each other as the peak electric field F 0 increases (γ → 0) and reproduce the dominant angular momentum very well. Furthermore, CTMC reproduces the intensity averaged TDSE near threshold partial waves p l very well, especially at high electric fields (low Keldysh parameters).
Finally, we have also calculated the average angular momentum l = l l p l / l p l near threshold (E < Λ) for a broad range of laser intensities (Fig. 5 ). Prior to averaging over the focal volume the TDSE results display irregular fluctuations as a function of the intensity. After intensity averaging, l display a smooth overall increasing behavior as laser intensity increases. 
Conclusions
Photoionization of argon by few-cycle laser pulses exhibits both multiphoton and tunneling features for intermediate values between the Keldysh parameters (γ ∼ 1). We find a remarkable resemblance of CTMC and TDSE doubly-differential energy-angular momentum distributions after averaging over the focal volume. Thus, the photoionization process exhibits a high degree of classical-quantum correspondence especially in the tunneling regime for smaller Keldysh parameters. We have observed that the doubly-differential E − L distribution is limited by the cut-off estimate L c (E) [Eq. (10)]. The latter has been shown to be the energy-dependent maximum angular momentum the electron can acquire on a Kepler orbit with the pericenter coinciding with the center coordinate of the quiver oscillation after tunneling ionization. The current analysis of the cut-off estimate for the direct electron emission helps to determine the rescattering nature of the multiple peak structures near threshold in [17, 11, 32, 4] at the time of analyzing the classical-quantum correspondence in atomic ionization by midinfrared pulses (see [11]), especially the low-energy structures found in [4] . The pericenter of the Kepler hyperbola can be semiclassically estimated from the sum of the distance of the tunnel exit and the quiver amplitude α. We find that the dominant angular momentum near threshold depends only weakly on the laser intensity.
